Statistical process control techniques are commonly used to monitor process performance.
Introduction
Control charts, one of the key tools of statistical process control (SPC), are categorized into two main types named as memory-less and memory control charts. Shewhart charts are named as memory-less control charts are quite efficient in detecting the larger shifts in the process location or dispersion. However, their efficiencies are under consideration in detecting the small and moderate shifts in the process parameters. On the other hand, the memory control charts such as cumulative sum (CUSUM) control charts introduced by Page [1] and exponentially weighted moving average (EWMA) control charts suggested by Roberts [2] are more effective in detecting the small process shift because they make use of the current as well as past sample information.
The most significant and commonly used measure to assess the performance of control charts is the average run length ( ) which is simply mean of the random variable run length ( ). The is the number of samples after that first out-of-control signal revealed. Some researchers have discouraged the only use of due to the skewed behavior of its RL distribution (cf. Nasir [3] , Zaman et al. [4] and Abid et al. [5] [6] [7] ). Therefore, in order to further explain the run length distribution, it is better to report different important characteristics of the run length such as the standard deviation ( ) and some percentile points. When the process is in-control, the is indicated by 0 and is expected to be large and if the process is outof-control, the is represented by 1 and is anticipated as small as possible.
To enhance the performance of CUSUM and EWMA charts, several amendments have been made (cf. Lucas [8] , Lucas and Saccucci [9] , Abid et al. [10] , Raza et al. [11] , Abujiya et al. [12] , Riaz et al. [13] , Mehmood et al. [14] ). Shamma and Shamma [15] proposed a control chart for evaluating the smaller and moderate shifts in the process mean, using the method of double exponentially weighted moving average (DEWMA) by performing exponential smoothing twice.
Riaz et al. [16] improved the performance of CUSUM scheme in detecting the small to large shifts by utilizing the concept of runs rules scheme. Abbas et al. [17] proposed the implementation of different runs rules for EWMA schemes. Abbas et al. [18] improved the design structure of EWMA and CUSUM control chart in such a way that EWMA statistic is served as the input for the CUSUM structure and named as mixed EWMA-CUSUM (MEC) chart. Zaman et al. [19] proposed a reverse version of the said MEC chart in such a way that the CUSUM statistic will use the input for the EWMA structure and hereafter, named as mixed CUSUM-EWMA (MCE) chart. On the further developments of the control charts using different approaches the interested reader can see the work of Nazir et al. [20] , Ahmad et al. [21] , Riaz and Ali [22] , Abujiya et al. [23] , Abbasi et al. [24] , Ajadi and Riaz [25] and Hussain et al. [26] .
With quality becoming more and more vital in today's industry and quality standards becoming higher and higher, a natural question comes to mind is: Is there a method to make the existing EWMA and CUSUM charts more sensitive to very small shifts in a process location parameter?
In this study, following Abbas et al. [18] and Zaman et al. [19] , we explore such a possibility by combining features of the structures of CUSUM and DEWMA charts and proposed an efficient chart by mixing the structures of CUSUM and DEWMA charts for the location parameter of the process. The control charts, designed under the assumption of normality, do not perform well under the violation of this assumption. Non-normal processes are more common in practice;
hence it is indispensable to develop the structure of the control charts under non-normality. So, the performance of the proposed control chart is also under consideration in case of non-normal environments. The rest of the paper is organized as follows: In Section 2, we give the basic design structures of the CUSUM and DEWMA control charts and the proposed efficient variant scheme. Section 3, consists of design structure and derivation of the control limits of the proposed chart. Performance comparisons of the proposed scheme with its counterparts are presented in Section 4. An industrial application of the proposed chart is given in Section 5. At the end, Section 6 ends with conclusions.
Description of CUSUM, DEWMA and the proposed charts
Quality characteristic of interest, say , is an independent sequence of observations { } ( = 1, 2, 3, … …,) following the normal distribution with mean 0 + 0 and variance 0 2 , i.e.
~( 0 + 0 , 0 2 ) , where 0 and 0 2 are the mean and variance of the process, respectively.
The value of = 0, shows that the process is in-control, if not, the process mean has shifted and objective of the process monitoring is to detect the mean shift 0 + 0 as early as possible following its occurrence. Without loss of generality, we assume that 0 = 0 and 0 = 1. Thus, we assume the phase II application of control charts with the in-control values of the parameters assumed to be known. The following subsection contains details about the memory-type control charts.
Cumulative sum (CUSUM) chart
Page [1] introduced the CUSUM chart by utilizing the method of accumulating the positive and negative deviations from 0 into two statistics + and − , respectively. These two statistics are defined as:
where is the sample number, 0 is the target value and is the reference or slack value which is commonly selected equal to half of the shift (in standard deviation unit) to be detected. The starting values of 0 + and 0 − are generally chosen equal to zero or the process location 0 , that is 0 + = 0 − = 0 , although it may be specified otherwise for a fast initial response (cf. Lucas and
Crosier [9] ). The statistics + and − are plotted against the decision interval or control limit and the chart signals if either one of the statistics ( + or − ) exceeds the decision interval .
The and are two parameters of the CUSUM chart and these are defined as:
Here and ℎ are the constants which are selected to fulfill a pre-defined 0 or according to the desired design conditions.
Double exponentially weighted moving average (DEWMA) chart
Shamma and Shamma [15] proposed the DEWMA chart by performing exponential smoothing twice. The main disadvantage associated with EWMA statistic is that it always offers strictly decreasing weights to historical data, but, this will not happen in case of DEWMA statistic (cf. Zhang and Chen [27) . The DEWMA statistic is written as:
where 1 + 2 = 1, and 3 + 4 = 1, and 1 and 3 ∈ (0,1] are the smoothing parameters of the DEWMA chart. Also, shown by Zhang and Chen [27] , the DEWMA statistic in Equation (3) may be expressed as:
If 1 = 3 , then
Equation (4) can be rewritten as following if 1 ≠ 3 :
The starting values of and are generally taken equal to the target values, i.e. 0 = 0 = 0 .
The chart, DEWMA, signals if the statistic falls beyond the following limits:
where if 1 = 3 , then
and if 1 ≠ 3 , then
The constant in Equation (7), is the control limit coefficient and can carefully be chosen to satisfy the pre-specified 0 or according to the design conditions, that, together with 1 and
Proposed DEWMA-CUSUM chart
To improve the design structure of EWMA and CUSUM control charts, Abbas et al. [18] and Zaman et al. [19] , suggested the mixed versions of EWMA and CUSUM charts. The proposed chart is based on mixing the features of DEWMA and CUSUM charts by using the concept of double exponential smoothing which makes the proposed chart sensitive to very small shifts in the process location parameter. The proposed mixed DEWMA-CUSUM chart, hereafter, is named as efficient variant (EV) chart. The charting statistics ( + and − ) for this proposed EV chart are given as:
where is defined as in Equation (3) and is the reference value. The initial values for the statistics 0 + and 0 + are generally put equal to zero or the target value, 0 , i.e., 0 + = 0 − = 0 , although the initial values may be specified according to the desired design conditions. The statistics (given in Equation (10)) are plotted alongside the control limit and if either one of these statistics ( + or − ) goes outside the control limit , then the process is considered to be an out-of-control, otherwise, in-control. . The standardized versions of and are given below: 
Unlike the usual CUSUM chart, the EV chart has time-varying reference values that are due to the variance of DEWMA statistic in Equation (8) and Equation (9) and are functions of 1 and 3 . The threshold control limit is as if 1 = 3 :
and when 1 ≠ 3 ,
where and are constants similar to and ℎ in Equation (2), respectively and can carefully be chosen to satisfy the pre-specified 0 or according to the design conditions. The flow chart of the proposed chart is provided in Figure 1 .
Derivation of the limits of the proposed scheme
The construction of the Phase II control limits in Equation (13) and Equation (14) of the proposed EV chart depends on the choice of the smoothing parameters, 1 and 3 , the reference value, and the decision interval, . These parameters need to be chosen with care as these parameters control the performance of the proposed scheme. The in Equation (13) and
Equation (14) is determined to obtain the desired 0 by setting = 0.5, as an optimal constant to detect a shift of size = 1, with different choices of 1 and 3 , taking inspiration from Lucas [8] , Shamma and Shamma [15] , Abbas et al. [18] and Zaman et al. [19] . The values of to satisfy, 0 = 168, 200, 370 and 500, are evaluated when 1 = 3 and are given in Table 1 and when 1 ≠ 3 , values of to satisfy 0 = 168 are provided in Table 2 with their in-control values. The in-control are also reported in Table 3 , when 1 = 3 .
Numerically these values are hard to find, and hence are determined by the use of Monte Carlo simulation.
For a fixed in-control ( 0 ), the values of increase as the smoothing parameters ( 1 and 3 ) tend to zero, and when 1 = 3 approaches to one, this phenomenon is opposite (cf. Table 1 ). However, when a too small value of 1 = 3 , is used, the in-control is often very large (cf. Table 3 ) and on the contrary, when the value of 1 and 3 has tendency to one, the incontrol variability in the run length is small (cf. Table 2 ).
Performance of the charts
To judge the performance of the proposed EV chart, the ARL is used as a performance measure. Monte Carlo simulation is conducted to find 0 and 1 of the process. The simulation details are: we have generated 10 5 random observations from the distributions given in section 2. The control limits of the EV chart are established using the expressions given in Equation (13) and Equation (14) and the values of design parameters given in Tables 1-3 . Then, we noted the number of sample points at which the plotting statistics ( + or − ) breach the control limits. At the end, we repeated this procedure 10 5 times to get the distribution of the run lengths. The structure of proposed scheme can easily be implemented in any statistical software.
In this study, R language is utilized for the implementation and to evaluate the properties of the charts. are provided in Table 8 . The following observations can be made from Tables 4-8: i. The detection ability of the proposed chart for small shifts is higher for small values of smoothing parameters as compared to the large choices of 1 and 3 .
To detect the shift of size = 0.25, the average run length is much lower for 1 = 3 = 0.01 as compared to any other choices of the smoothing parameter (cf. Table 4 ).
ii. The performance of the EV chart is substantial with smaller values of 1 = 3 .
iii. With the moderate value of 1 = 3 = 0.10, the shift of size = 0.50 can be identified with smaller variability in the run length distribution.
iv. When 1 ≠ 3 , the efficient choices of 1 and 3 for detecting = 0.50 quickly is to use 1 = 0.05 and 3 = 0.01 along with the choice 1 = 0.1 and 3 = 0.01.
v.
The proposed chart works efficiently in finding undesirable process level with 1 = 3 as compared to chart with 1 ≠ 3 .
vi.
The recommendation is to use the 0 < 1 = 3 < 0.25, for quick detection of shifts of magnitude i.e. = 0.50 (cf. Tables 4-7) and in case of 1 ≠ 3 , better to select 0.05 ≤ 1 ≤ 0.1 and 3 = 0.01.
Comparisons with other mixed charts under normal environment
Since the goal is to provide an efficient chart from the existing mixed charts e. Table 9 .
It can be seen from Table 4 and Table 9 that EV chart is slightly proficient than the MEC chart but outperforms MCE chart in detecting small to moderate changes in the process location parameter when the smoothing parameters of EV chart are equal i.e. 1 = 3 . The performance of the proposal is more obvious and substantial with larger values of 1 = 3 .
Comparing the results of Table 8 of EV chart having 1 ≠ 3 with Table 9 of the MEC and MCE charts, it can be observed the EV chart is even more sensitive to small shift. The above discussion is made having 0 ≅ 168 , but this is generally true when other in-control s are considered.
As we discussed in section 2, the only use of is criticized by many researchers due to its skewed behavior. So for a better understanding of the distribution of EV, MEC and MCE charts, some other measures such as standard deviation of run length ( ) and different percentiles ( , ℎ percentile) along with smallest and largest run lengths of the in-control process are reported in Table 10 and as these measures help in studying the short run and long run behavior of the distribution. For instance, the 5% percentiles of the distribution of the EV, MEC and MCE charts are on average about 17, 4, 18, and 8 observations (cf. Table 10 ).
To get more insight into the out-of-control distribution, Figure 2 presents the run length distribution curves of all the charts considering the value of smoothing parameter equal to 0.10 with = 0.25 under a normal environment. The curves give the cumulative probability of detecting an out-of-control situation. A higher curve shows the superiority of a chart in terms of its quick detection of shifts in the process parameter.
It can be observed from Figure 2 that EV chart with has higher probabilities for small run lengths to detect the shift than that of other memory charts. For detecting a shift of magnitude = 0.25 at a run length equal to 30, the practitioner has to wait less with the mixed EV chart as compared to the MEC and MCE charts.
Overall, we see that the smaller values of smoothing parameters of the proposed EV chart offer better performance in spotting smaller changes in the process location parameter.
Evaluation under non-normal environments
Design and implementation of the proposed EV chart, discussed in the preceding subsection is based on the assumptions that: process measurements are independent and identically distributed, both the in-control and out-of-control distributions are normal, and the process parameters of the in-control distribution are known. But there are many practical situations where these assumptions can be invalid. Coming section discusses the effect, on the performance of the proposed EV chart, of the case when process measurements collected at different time periods are from non-normal environments. For the sake of comparisons, the counterpart charts MEC and MCE are also considered.
Limits based on normality
In this sub-section, the impact of non-normal observations on EV, MEC and MCE charts with control limits based on normality is evaluated. Consider the following scenario: When process measurements are from a non-normal distribution i.e. distribution with 4 degrees of freedom ( 4 ) having heavy tails and being flatter than that of normal distribution. Looking at the results given in Table 11 , it can be observed that the proposed EV chart and MEC chart are 
Limits based on non-normality
The distributions of many quality characteristics (capacitance, insulation resistance and surface finish, roundness, mold dimensions and customer waiting times, impurity levels in semiconductor process chemicals, in nuclear reactions, the interval between beta particle emissions) of different processes follow non-normal distribution. Hence, the performance of the The results for symmetric distributions are given in Table 12 and Table 13 contains ARL for skewed distributions.
It can be observed from Table 12 that under t distribution the performance of MEC chart is similar to EV chart for shifts of small magnitude and EV chart outperforms the MEC chart when the value of ≥ 1.5. For small shifts in the process location, MCE is not good but its detection ability is higher as compared to other charts for large shifts as when ≥ 1. On the other hand, in case of Lognormal and Gamma distributions the EV chart performs more efficiently as compared to the MCE chart when the value of is relatively small that is ≤ 0.75 and the performance of the EV is also relatively better than the MEC chart when the value of is quite large as ≥ 1.5. So, in general, we can say that the EV chart outperforms the MCE chart in detecting shifts of small magnitude and outperforms the MEC chart in detecting the shifts of large magnitude.
An industrial application
This section demonstrates how to construct the proposed EV chart. The data set is supplied by Zhang and Chen [27] and Triola [28] , taking the first 16 samples each of size 5
giving 80 observations to apply the proposed chart. The operation concerns the monitoring of the Figures 6-7 ) while the MCE chart shows incapability to spot such change in the location parameter for the same data set (cf. Figure 8 ).
Conclusions
Control charts are widely used in monitoring the process parameters. Memory-less control charts (e.g. Shewhart-type charts) have low efficiency in detecting the small changes in the process parameters and memory-type control charts (e.g. CUSUM and EWMA charts) are Table 1 : values of the chart for given 0 , and 1 = 3 with = 0.5. Table 2 : values of the chart for 0 ≅ 168, and 1 ≠ 3 , with = 0.5. Table 3 :
Figure Captions
of the chart for given 0 , and 1 = 3 with = 0.5. Table 4: 1 and of chart when 1 = 3 with 0 ≅ 168. Table 5: 1 and of chart when 1 = 3 with 0 ≅ 200. Table 6: 1 and of chart when 1 = 3 with 0 ≅ 370. Table 7: 1 and of chart when 1 = 3 with 0 ≅ 500. 
